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Perfect matchings and Hamilton cycles in hypergraphs – Dirac type
thresholds and Ramsey properties

In my lectures I will present recent results about certain aspects of ex-
tremal hypergraph theory. One direction originates in the celebrated Dirac
theorem for graphs: every n-vertex graph with minimum degree at least n/2
is hamiltonian. Using a hypergraph regularity lemma and a recent technique
of absorption, I will sketch a proof of an approximate version of a general-
ization of Dirac theorem to k-uniform hypergraphs . A precise Dirac type
threshold will be presented for perfect and almost perfect k-uniform match-
ings. (Both are joint result with Rödl and Szemerédi). In the second lecture
I will outline a proof (based on earlier ideas of  Luczak) that the Ramsey
number of a tight 3-uniform cycle on n vertices is asymptotically 4

3
n if n is

a multiple of 3, and 2n otherwise. As a main ingredient of this outline it
will be shown that the smallest integer N such that every 2-coloring of the
complete 3-uniform hypergraph on N vertices contains a matching of size n
in a monochromatic connected component is equal to the ordinary Ramsey
number for such a matching, that is, N = 4n− 1.

Tomasz  Luczak (Adam Mickiewicz University, Poznań)

Colorful flowers

A map f : [A]k → C is a local coloring of k-element subset of A, if dis-
joint sets are colored with different colors. By a colorful flower with an eye
S ∈ [A]k−1 we mean a family F ⊂ [A]k of k-element subsets of A containing
S such that each subset of F is colored with a different color. Moreover, by
φ(k, α) we denote the smallest γ such that there exists a local coloring of a
set of cardinality α without colorful flowers of cardinality γ. In the talks we
study the behavior of φ(k, α) (and its generalizations) first in the case when
α is finite, and then for infinite cardinals α. The lectures will be based on a
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joint work with Christian Avart, Petér Komjáth, and Vojta Rödl.

Malwina Luczak (LSE, London)

Percolation on the 2D Hamming graph: the supercritical phase

We study random subgraphs of the 2-dimensional Hamming graph H(2, n),
which is the Cartesian product of two complete graphs on n vertices. Suppose
that every edge is independently present with probability p, where p = 1+ε

2(n−1)

for some ε ∈ R. In a sequence of three papers, Borgs, Chayes, van der Hofs-
tad, Slade and Spencer studied phase transitions in a large class of random
graphs including H(2, n). They obtained precise estimates for the maxi-
mum size of a connected component in the subcritical and critical regimes,
as well as upper bounds in the supercritical phase. No general lower bounds
on the largest supercritical component exist; indeed, it is thought that the
geometry of a given graph will play a crucial role in upper bounding its gi-
ant component. Here, we complement the results of Borgs et al. for the
supercritical phase in the Hamming graph H(2, n). We prove that, when
ε � (log n)1/3n−2/3, then the largest connected component has size close to
2εn2 with high probability. We thus obtain a law of large numbers for the
largest connected component size, and show that the corresponding values
of p really are supercritical. Except for the factor (log n)1/3, this identifies
the size of the largest connected component all the way down to the critical
p window. This is joint work with Remco van der Hofstad.

Reto Spöhel (ETH Zürich)

Online Ramsey Games in Random Graphs

Consider the following one-player game: The vertices of a random graph
are revealed to the player one by one, along with all edges induced by the
vertices revealed so far. The player has to assign one of r available colors
to each vertex immediately, without creating a monochromatic copy of some
fixed graph F . For which values of p can the player asymptotically almost
surely (a.a.s.) color the entire random graph Gn,p? We say that p0(n) is
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a threshold for this game if there is a strategy such that the player a.a.s.
succeeds if p � p0, but a.a.s. fails with any strategy if p � p0.

We prove explicit thresholds p0(F, r, n) for a large family of graphs F
including cliques and cycles of arbitrary size, and an arbitrary number r of
colors. In particular, we show that the order of magnitude of the threshold
depends on the number of colors, in contrast to the offline case.

If time permits, I will also talk about the edge-coloring analogon of this
game, which was introduced by Friedgut et al. We show a threshold result
similar to the one for the vertex-coloring case, but only covering the game
with two colors.

(Joint work with Martin Marciniszyn and Angelika Steger).

Bernasconi Nicla (ETH Zürich)

Properties of Random Graphs via Boltzmann Samplers

The framework of Boltzmann samplers of Duchon et al. is an efficient
method for sampling objects uniformly at random from graph classes with
structural constraints, such as planar graphs. We analyze the execution of
Boltzmann sampler algorithms of different classes to derive results about the
structure of a random object of these classes. In particular, we determine the
degree sequence of random outerplanar graphs, and derive tight bounds for
the tails probabilities. Joint work with Konstantinos Panagiotou and Ange-
lika Steger.

Jerzy Jaworski (Adam Mickiewicz University, Poznań)

A new random mapping model

We introduce a new random mapping model, T D̂
n , which maps the set

{1, 2, ..., n} into itself. The random mapping T D̂
n is constructed using a collec-

tion of exchangeable random variables D̂1, ...., D̂n which satisfy
∑n

i=1 D̂i = n.

In the random digraph, GD̂
n , which represents the mapping T D̂

n , the in-degree
sequence for the vertices is given by the variables D̂1, D̂2, ..., D̂n, and, in some
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sense, GD̂
n can be viewed as an analogue of the general independent degree

models from random graph theory. We show that the distribution of the
number of cyclic points, the number of components, and the size of a typical
component can be expressed in terms of expectations of various functions
of D̂1, D̂2, ..., D̂n. We also consider two special examples of T D̂

n which cor-
respond to random mappings with preferential and anti-preferential attach-
ment, respectively, and determine, for these examples, exact and asymptotic
distributions for the statistics mentioned above. Some results for the distri-
bution of the number of successors and predecessors of a typical vertex in GD̂

n

in terms of expectations of various functions of D̂1, D̂2, ..., D̂n are also given.
Joint work with Jennie C. Hansen of Heriot–Watt University, Edinburgh.

Jaros law Grytczuk (University of Zielona Góra)

Coloring integer distance graphs

Let D = {d1 < d2 < . . .} be a set of positive integers and let GD = (V, E)
be a graph defined on the set of vertices V = N such that uv ∈ E iff
|u− v| ∈ D. Let χ(D) be the chromatic number of a graph GD. For which
infinite sets D is χ(D) finite? The answer is closely connected to Diophantine
approximation properties of D. Indeed, it is not hard to see that if for some
positive integer k and a real x we have ‖xdi‖ ≥ 1/k for every i ≥ 1, then GD

is k-colorable (here ‖·‖ denotes distance to the nearest integer). Using this
approach, known as the regular coloring method, Katznelson [?] and inde-
pendently Ruzsa, Tuza and Voigt [?], answered a question of Erdős proving
that χ(D) is finite for every lacunary set D . One tempts to conjecture that
if χ(D) is finite, then there always exists a finite regular coloring of GD.
We consider also improper colorings of integer distance graphs connected to
Ramsey theory. We show that for every lacunary set D there is a regular 3
-coloring of GD such that paths whose vertices form arithmetic progressions
have bounded length. This supports a conjecture of Brown, Graham, and
Landman [?]. In case of finite D we obtain several partial results supporting
the Lonely Runner Conjecture, which says that GD has a regular coloring
using at most |D|+ 1 colors. Joint work with Sebastian Czerwiński, Tomasz
Schoen, and Wies law Śliwa.
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Nikolaos Fountoulakis (University of Birmingham)

The order of the largest complete minor in a random graph

A graph is contained as a minor in another graph if we obtain a copy of
the former by repeated contractions of edges of the latter and discarding any
multiple edges that are created. We are interested in the largest k such that
a complete graph of order k is contained in a given graph G (this is called
the contraction clique number - ccl(G)). This question is motivated by Had-
wiger’s conjecture. Bollobas, Catlin and Erdos proved that almost all graphs
satisfy Hadwiger’s conjecture, by estimating ccl(G(n,1/2)) (they also did it
for any fixed p¡1). Answering a question set by Krivelevich and Sudakov, we
estimate ccl(G(n,p)) for sparse random graphs, that is p=o(1). We will also
discuss several related problems. This is joint work with Daniela Kuehn and
Deryk Osthus.

Yury Person (TU München)

Counting spanning trees in dense graphs

The regularity-blow-up-lemma approach is not only useful for providing ex-
istence results, but also when one wants to count(approximately). The latter
results are often a byproduct of the former(embedding results). Precisely,
we want to show for a given graph T not only that it lies in some dense
graph G, but also to determine the number of embeddings of T into G (lower
bounds). In 2003 Sarkozy, Selkow and Szemeredi did this for hamiltonian cy-
cles : they found cnn! such copies, where c > 0 is a small constant. I present
a generalisation of the version of the blow-up lemma, which was proved by
Rödl, Rucinski and Taraz in 1999. Then, using the recently proved Bollobas-
Komlos conjecture, I derive similar counting results for bipartite graphs of
bounded degree and small bandwidth, and especially for trees.
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Konstantinos Panagiotou (ETH Zürich)

Extremal Subgraphs of Random Graphs

Let Kl denote the complete graph on l vertices. We prove that there is a
constant c = c(l) > 0, such that whenever p ≥ n−c, with probability tending
to 1 when n goes to infinity, every maximum Kl-free subgraph of the binomial
random graph Gn,p is (l − 1)-partite.

The proof is based on a tool of independent interest: we show, for in-
stance, that the maximum cut of almost all graphs with M edges, where
M � n, is nearly unique. More precisely, given a maximum cut C of Gn,M ,

we can obtain all maximum cuts by moving at most O(
√

n3/M) vertices
between the parts of C.

Y. Kohayakawa (São Paulo)

An algorithmic Friedman–Pippenger theorem on tree embeddings

An (n, d)-expander is a graph G = (V, E) such that for every X ⊂ V
with |X| ≤ 2n − 2 we have |ΓG(X)| ≥ (d + 1)|X|. A tree T is small if
it has at most n vertices and has maximum degree at most d. Friedman and
Pippenger (1987) proved that any (n, d)-expander contains every small tree.
However, their elegant proof does not seem to yield an efficient algorithm for
obtaining the tree. In this talk, we shall give an alternative result that does
admit a polynomial time algorithm for finding the immersion of any small
tree in subgraphs G of (N, D, λ)-graphs Λ, as long as G contains a positive
fraction of the edges of Λ and λ/D is small enough. In several applications of
the Friedman–Pippenger theorem, including the ones in the original paper of
those authors, the (n, d)-expander G is a subgraph of an (N, D, λ)-graph as
above. Therefore, our result suffices to provide efficient algorithms for such
previously non-constructive applications. Our approach is based on a reduc-
tion of the tree embedding problem to a certain online matching problem for
bipartite graphs, solved by Aggarwal et al. (1996).

This is joint work with D. Dellamonica Jr (São Paulo).
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